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Abstract: We study two-dimensional supersymmetric non-linear u-models with bound- 
aries. We derive the most general family of boundary conditions in the non-supersymmetric 
case. Next we show that no further conditions arise when passing to the = 1 model. 
We present a manifest N = \ off-shell formulation. The analysis is greatly simplified com- 
pared to previous studies and there is no need to introduce non-local superspaces nor to 
go (partially) on-shell. Whether or not torsion is present does not modify the discussion. 
Subsequently, we determine under which conditions a second supersymmetry exists. As 
for the case without boundaries, two covariantly constant complex structures are needed. 
However, because of the presence of the boundary, one gets expressed in terms of the other 
one and the remainder of the geometric data. Finally we recast some of our results in 
N = 2 superspace and discuss applications. 
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1. Introduction 

Non-linear cr-models in two dimensions with N = (2, 2) supersymmetries play a central 
role in the description of strings in non-trivial NS-NS backgrounds. In the absence of 
boundaries, a case relevant to type II strings, their geometry has been intensively studied 
in the past, see e.g. [1]-[10]. Much less is known for the case with boundaries which 
is relevant for type I string theories and D-branes. Partial results were known for some 
time, see e.g. [11]-[15], however only recently a systematic study was performed, [16]-[17], 
resulting in the most general boundary conditions compatible with N = 1 supersymmetry. 
Subsequently, these results were extended to iV = 2 supersymmetry [18] (see also [19] for 
some specific applications and [20] for a different approach). 

While impressive, the results of [16] and [17] remain somewhat surprising. Not only 
are the derivations quite involved, but the presence of a Kalb-Ramond background seems 
to require a non-local superspace description of the model. This already occurs in the 
very simple setting where open strings move in a trivial gravitational background but in 
a non-trivial electro-magnetic background. It is clear that in order to study the open 
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string effective action through the calculation of supergraphs, the original motivation for 
the present investigation, a local superspace description is called for. 

In this paper we reanalyze the models studied in [16] and [17] and we resolve many 
of the difficulties encountered there. We start by reconsidering a non-supersymmetric 
non-linear cr-model and study the most general boundary conditions. In the next section 
we extend this to models with supersymmetry. Motivated by the methods used in [21] 
and [22] (in quite a different setting however), we use a superspace formulation which is 
manifestly invariant under only one combination of the two bulk supersymmctrics. In this 
way the analysis of boundary conditions compatible with N = 1 supersymmetry is greatly 
facilitated and one finds that, just as for the case without boundaries, N = automatically 
implies = 1. In addition, no non-local terms are needed and the cases with or without 
Kalb-Ramond background are treated on the same footing. The price we pay for this is 
that we loose manifest bulk d = 2 super Lorentz covariance. 

Next we investigate under which conditions the = 1 supersymmetry gets promoted 
to an AT = 2 supersymmetry. As for the case without boundaries, one needs two separately 
integrable covariantly constant complex structures. The metric has to be hermitian with 
respect to both of them. However, the presence of boundaries requires that one of them 
gets expressed in terms of the other one and the remainder of the geometric data. 

Finally, we briefly study the N = 2 superspace formulation. 

2. No supersymmetry 

Varying the bosonic two-dimensional non-linear cr-model action^, 

S = j drda Qx» ga, AT" - ^X"' gab X"" + X'^' 6„b X''^ , (2.1) 

we get, apart from the well-known bulk contribution, a boundary term^, 

j dr (5X« gab (-X'" + b\ X'^) . (2.2) 

The boundary term vanishes if we either impose Neumann boundary conditions in all 
directions, 

X"'- 5^6X^ = 0, (2.3) 
or Dirichlet boundary conditions in all directions, 

SX"- = 0. (2.4) 
In order to introduce mixed boundary conditions we need a (1, l)-tensor 7^"b(X) satisfying, 

n\n% = 5%. (2.5) 

'^Derivatives with respect to t and a are denoted by a dot and a prime respectively. 
^Whcn describing open strings, one deals with two boundaries. The present discussion is readily gener- 
alized to this case. 



- 2 - 



This allows us to construct the projection operators V±, 

rib = l{s\±n\). (2.6) 

With this we impose simultaneously Neumann, 

V^b{x^' -bKx'^) =0, (2.7) 
and Dirichlet boundary conditions, 

VlbSX^ = 0. (2.8) 

In other words V+ and V-, project onto Neumann and Dirichlet directions respectively. 
The boundary conditions, eqs. (2.7) and (2.8), can also be rewritten as, 

X"' = VtbX^' + VlbbKvldX^, 

dX"" = VlbSX\ (2.9) 

It is not hard to see that using these conditions the boundary term eq. (2.2) vanishes 
provided the metric is invariant under the (1, 1) tensor, 

n\n\gcd = gab- (2.10) 

Using eq. (2.5) this gives TZab = T^ba- 

Requiring time independence, i.e. if X"(r, cr) satisfies the boundary conditions, so 
should X«(t + 5t, cj), we can put 5X^ = X^5t in eq. (2.8) and find, 

V^bX^ = 0. (2.11) 

Using then [6,d/dT] = on the boundary, 

= [S, d/dT]X'^ = 2Vi^aVXb]VXd,e5X''X\ (2.12) 

yields the condition, 

ri^aPXb]PU,e = 0. (2.13) 

The necessity of eq. (2.13) can also be seen in the case where h is exact, hob = daAb — dbAa- 
Then using eq. (2.11), one can rewrite eq. (2.1) as, 

S = J drda Qx" Sab X'^ - ^X"' g^b X"'^ + J drAaVlbXK (2.14) 

Varying eq. (2.14), one indeed obtains eq. (2.7) provided eq. (2.13) holds. As a consequence, 
the integrability condition, eq. (2.13), implies that the commutator of two infinitesimal 
displacements in the Neumann direction remains in the Neumann direction^, 

Vlb [SiX''S2X\, - S2X'^SiX\,^ = 2Pl^d,e]VUKc^2X%X'^ = 0. (2.15) 



^Note that VU,eVtiaVli] = Vl}Vid,.Vt[aVU] 
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Summarizing, we can have Neumann, eq. (2.7), and Dirichlet, eq. (2.8), boundary 
conditions, provided there exists a (1, l)-tensor TZ which satisfies. 



n\n% = 6\, (2.16) 

n%n\gcd = 9ab, (2.17) 

VilaKb]Kd,e = 0. (2.18) 

Eq. (2.16) tehs us that TZ is an almost product structure for which the metric is preserved, 
eq. (2.17). The last condition, eq. (2.18), tells us that the projection operator P+ is 
integrable. Note that this is weaker than requiring that TZ is integrable. The latter would 
require that 

^"d^^M + ^''[6^"c],d = 0, (2.19) 
holds. This is equivalent to the integrability of both 7^+ and P- as can be seen from 

3. N — 1 supersymmetry 

3.1 The superspace formulation 

We work in = 1 superspace with a single real fermionic coordinate 9 and we have the 
supersymmetry generator Q and fermionic derivative D such that, 

Wc introduce bosonic = 1 superfields X" and fermionic superfields a € {1, • ' ' ;-^}- 
From the point of view of the target manifold the former will be coordinates while the latter 
are vectors. The X superfields contain the bulk scalar fields and half of the bulk fermionic 
degrees of freedom. The ^ superfields contain the other half of the bulk fermionic fields 
and the auxiliary fields. In this section, we will stick to Neumann boundary conditions and 
postpone the analysis of more general boundary conditions to the next subsection. On the 
boundary, the fermionic degrees of freedom are halved and no auxiliary fields are needed 
anymore. In other words, the boundary conditions should be such that ^ gets expressed 
as a function of X so that only X lives on the boundary. In order to do so we assume that 
the a derivatives act only on the X superfields. In this way only the variation of X will 
result in a boundary term. We take as action, 

» 10 

where, 

£(1) = 0^^!{X)DX<^X\ 
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do ^ f ' 


















^(7) 




^(8) 


= t}^^{x)^''-^^dx^, 


-^(9) 


= T^ll{X)-^''DX^DX^, 


^(10) 


= r^^l{X)DX''DX^DX'' 



where both C^^^iX) and Tj-^^C^) are a priori undetermined functions of X". On dimen- 
sional grounds, it is not hard to sec that this is the most general action we can write down 
under the assumption that only X' and not ^' appears. Any other term one can write 
reduces upon partial integrating D or d/dr to the terms listed above. In the next we are 
going to simplify cq. (3.3) as much as possible. 

• By varying X, one immediately gets the boundary condition, 



• Performing the integral over 9, one finds that D'^\q=q is auxiliary. Requiring that the 
auxiliary field equations of motion can be solved for the auxiliary fields necessitates 
that O^^) is invertible as well. 



take from now on O^^ = O)^^ . 

• Performing a field redefinition — > ^"-|-A/'"b(X)Z)X^ affects almost all terms except 
C'(^) and C'(^). Of particular interest to us is the effect on C'(^) and 0^^\ 




(3.4) 



• Partially integrating D in C^^-^ shows that 0\ 



can be absorbed in T^^) . As such we 




(3.5) 



• After this, we can completely eliminate £(5) through partial integration which affects 
T(^) and modifies C'(^) on top of eq. (3.5) to. 



<^^^ ^0f^-\0^^-\M%0(^\ (3.6) 



• As we already mentioned, O*-^^ is invertible, so one sees from eq. (3.6) that a suitable 
choice for N can be found such that £(g) vanishes as well. 
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• Rewriting d/dr = AiD'^ and partially integrating one D shows that ©[^^j can be 
absorbed in T^'^^ . So from now we take we take o'^^ = O^^ . 

• We are still free to perform a field redefinition of the form — ^ M."-^[X)^^ . After 
this, and 0(2) are unchanged, O(^) and O^^) remain zero and 0(3) and O^^) 
transform as, 

- ^^^of^A^'^,. (3.7) 

As O^^^ is invertible, we can make a suitable choice for M. such that of^ = —4: gab, 
with gab the target space metric. With this, we exhausted the field redefinitions of 

Concluding we found that without any loss of generality we can put in eq. (3.3), 

= ^U] = 0' ^i? = ^i? = 0' ^i? = -4 9a,. (3.8) 

We now proceed with the comparison of eqs. (3.2), (3.3) and (3.8) with the non-linear 
(7-model lagrangian eq. (B.2). We assume that the auxiliary fields have already been 
eliminated in eq. (B.2). Performing the 9 integral in eq. (3.2) and eliminating the auxiliary 
fields D^'"|g=0) finds by identifying the leading bosonic terms XX, XX' and X'X' 
to the corresponding terms in eq. (B.2) that the remaining freedom in the O tensors gets 
fully fixed, 

O^;) = 2i gab, Oi? = -4i hab, =^gab. (3.9) 

Next we want to identify the fermions DX^\q=q and ^'"|6t=o with the bulk fermions V"" 
and V'- which appear in eq. (B.2). We first perform the 6 integral in eq. (3.2) using eqs. 
(3.3), (3.8) and (3.9) and subsequently eliminate the auxihary fields. The leading terms 
quadratic in the fermions in the lagrangian are given by, 

2i gab [iDX" + d= {iDX^ + + 2i gab (iDX" - ^-^^ dJ^iDX^ - , (3.10) 

where we used the boundary condition which follows from the lagrangian, 

*" = i6%DX^ (3.11) 

Comparing this to the corresponding terms in eq. (B.2), we identify, 

= iDX"" + 

^1 = riiiDX'' - *"), (3.12) 

where rj G {+1, —1} allows one to differentiate between Ramond and Neveu-Schwarz bound- 
ary conditions. It will not play an essential role in this paper. 
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Next, we determine the T tensors by comparing the rest of the terms to eq. (B.2). A 
somewhat tedious but straightforward calculation*^ yields a unique solution, 

^a£ = -|T^afc, r„?i = 8{Nc}, r„2 = -8zr„,e, rW=o. (3.13) 

With this we have the full model in N = 1 superspace. Its lagrangian is explicitly 
given by, 

C = 2igabDX''X'' - AibabDX^'X" - Ag^^^'^X^' + 85„,,V^'"^''' 

-- 3?;6c^'"*''*'= - SiTabc'^<'DX''DX^, (3.14) 

where the covariant derivative V^'" is given by, 

V*'' = D-^"- + ^""bc^DX"^^. (3.15) 

3.2 The boundary conditions 
Varying eq. (3.14) yields a boundary term, 

-4 j drdB (*"5„b + iDX%ab) SXK (3.16) 

This vanishes if we take Neumann boundary conditions in all directions, 

*" = ^6^DX^ (3.17) 

or Dirichlet boundary conditions in all directions, 

= 0. (3.18) 

The more general case which involves both Dirichlet and Neumann boundary conditions 
requires the introduction of an almost product structure TZ^bi^) satisfying eq. (2.5). Using 
the projection operators defined in eq. (2.6), we impose Neumann, 

Vlb - i h^cDX"^ = 0, (3.19) 
and Dirichlet boundary conditions, 

V^j^dX^ = 0. (3.20) 
Prom eqs. (3.20) and (3.19), we obtain, 

= Vlb^X^, 

= -p";,*^ + iVlbb^cV%dDX'^. (3.21) 

From this one observes that, as was to be expected, 5X is completely frozen in the Dirichlet 
directions while gets a component in the Neumann directions when there is a non-trivial 
Kalb-Ramond background. Eq. (3.20) implies, 

VlbDX^ = VUX^ = 0. (3.22) 



''See appendix C for a shortcut. 
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This equation requires that certain compatibility conditions are satisfied which follow from 
the second expression in eq. (3.1). Indeed acting with D on the first equation in eq. (3.22), 
we get^, 

= ~r%X'' + V'^d,eV'ibP%cDX''DX\ (3.23) 

where we used the first equation in eq. (3.21). This is indeed consistent with the second 
expression in eq. (3.22) provided, 

Vi^aKbiPUe = 0, (3.24) 

or equivalently eq. (2.13) holds. 

With this, we can rewrite the boundary term in the variation as, 

j drde (*" + iDX^^'') gabSX^ = j drdO {V% + Vic) + iDX%''') gabSX^ 

drde (ric + iDX'^hf) gabSX^ + + iDX%'''^ QabV^cSX'^^ , (3.25) 
where, in order to make the last step, we had to impose, 

T^ah = 7^6a, (3.26) 



/• 



which, using eq. (2.5) is equivalent to eq. (2.10). Imposing the Neumann, eq. (3.19), and 
the Dirichlet, eq. (3.20), boundary conditions, the boundary term in the variation of the 
action indeed vanishes. 

So we conclude that any N = non-linear a-model with given boundary conditions, 
allows for an = 1 supersymmetric extension given in eq. (3.14). The Neumann and 
Dirichlet boundary conditions, cqs. (3.19) and (3.20), require the existence of an almost 
product structure TZ which satisfies eqs. (2.16-2.18) 

We now briefly compare our results to those obtained in [16] and [17]. In the present 
derivation, whether or not a Kalb-Ramond background is present, does not play any role. 
When the Kalb-Ramond background vanishes, bab = 0, eqs. (2.16-2.18) precisely agree with 
the conditions derived in [16]. However as supersymmetry is kept manifest, the derivation 
of these conditions are tremendously simplified. Contrary to [16], we remained off-shell all 
the time. A drawback compared to [16], is the loss of manifest d = 2 bulk super Lorentz 
covariance in the present formulation. For a non-trivial Kalb-Ramond background, the 
comparison with the results in [17] is a bit more involved. A first bonus compared to [17] 
is that we here have a regular superspace formulation, i. e. non-local superspace terms are 
not needed here. Combining eqs. (3.12), (3.22) and (3.19), we schematically obtain the 
following boundary condition for the fermions, 

V'- = r?^-^^+, (3.27) 

where stands for VXch^dP+b- The (l,l)-tensors, 7^ and (l-^6++)"^(7^-6++), should 

be identified with the (l,l)-tensors r and R in [17]. It is then straightforward to show that 

eqs. (2.16-2.18) imply the conditions in eq. (3.22) of [17]. 

^Essentially we observe here that if DX lies in a Dirichlet direction, then so does D^X. Note that next 
to = —i/Ad/dr, also [D,5\ = and as in eq. (2.12) [d,d/dT\ = lead to the same condition. 



-8- 



4. More supersymmetry 



4.1 Promoting the N = 1 to an N = 2 supersymmetry 

The action, eq. (3.14), is manifestly invariant under the supersymmetry transformation, 

= eQX", 5*" = eQ^-", (4.1) 

where the supersymmetry generator Q was defined in eq. (3.1). We now derive the condi- 
tions under which the action eq. (3.14) exhibits a second supersymmetry. The most general 
transformation rules consistent with dimensions and statistics that we can write down are, 

S^'^ = £/C(?),(X)I)*^ + eX(2«),(X)X^ + 

iC^'^^.^iX)^'^^ + iC^^^,^{X)^'DX- + eC^l^,SX)DX'DX^. (4.2) 

The only other term which could have been added in the variation of * is e/C^3j^(X)X'''. 
We did not add it as it would require us to go on shell when evaluating eq. (4.2) on the 
boundary^. 

Requiring the bulk terms in the variation of eq. (3.14) to vanish under eq. (4.2) yields, 

J{i) = \{J + J), iJ-(2) = -4/C(2) = ^(J-J), /C(i) = -^(J + J), 

^hbc = -\ {^J"c + 5feJ"c + 2(J + J)'"'{dbc}) , 

qs),, = -'^{J + Jr''Ta,c, (4.3) 
while J and J satisfy, 

9a{b J"'c) = 9a{b J"'c) = 0) 

VtJ\ = V-J\ = 0. (4.4) 

Before investigating the vanishing of the boundary terms in the variation, we impose the 
supersymmetry algebra. In particular the first supersymmetry has to commute with the 
second one, which is trivially realized because of {Q,D} = 0. Subsequently, we need that 

[d{ii),5{i2)]X- = '^eie2X\ [5{ei),5{i2)W = \he2^\ (4-5) 
holds on-shell. This is indeed true provided 

J%J\ = J%J\ = -62 , N\^[J, J] = N\^[J, J] = , (4.6) 

®Upon redefining )C(i), ^(i), £-(2} and -C(3), it is proportional to the ^' equation of motion. We refer the 
reader to the discussion in appendix C. 
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with the Nijenhuistensor N[A,B] given by, 

N\,[A, B] = A\,B\]^a + A-dB\c] + 5'[6^"c],<i + B'^aA^c] ■ (4.7) 

A noteworthy fact is that the algebra closes off-shell. This has to be contrasted with 
the case without boundaries where the N = (2,2) algebra closes ofF-shell modulo terms 
proportional to [J, J] times equations of motion. If we would modify the transformation 
rules with an equation of motion term as in eq. (C.9), then one indeed obtains off-shell 
closure modulo terms proportional to [J, J]. 

We now turn to the boundary term in the supersymmetry variation of the action. 
Using an obvious matrix like notation, one shows that it vanishes provided ^, 

V-{J -J)V^ = 0, 

V+{J - J)P+ = P+[b, J + J]P+ + V+b (J - J)bV+, (4.8) 

holds. Invariance of the boundary conditions, eqs. (3.19) and (3.20), under the N = 2 
supersymmetry transformations requires, 

P_(J + J)V+ = -V-{J - J)bV+, 

V+{J + J)V- =V+b{J - J)V-. (4.9) 

Using the antisymmetry of J and b and the symmetry of TZ, it is clear that the second 
equation in eq. (4.9) is the transposed of the first one. It is surprising that conditions 
(4.8) and (4.9) are strictly algebraic. Indeed, all derivative terms disappear using the 
integrability condition eq. (2.13). Using these conditions, together with the previously 
obtained equations, we can express J in terms of J, 

J = (1 + b++)-\l - 6++)J++(l + 6++)(l - 6++)-^ + J- - 
(1 + b++)-\l - b++)J+- - J_+(l + 6++)(l - 6++)-i 

= MJM~\ (4.10) 

with 

M = ^4±±, = ?l±^±. (4.11) 

1 + 6++' 1-6++ ^ ' 

Note that cqs. (4.4) and (4.6) arc invariant under J ^ J and J — > — J, while this change 
in eqs. (4.8) and (4.9) turns eq. (4.10) into 

J = -(1 + 6++)-i(l - 6++) J++(l + 6++)(l - 6++)-i - J__ + 
(1 + b++)-\l - b++)J+^ + J_+(l + 6++)(l - 6++)-i 
= -MJM.-^. (4.12) 



'^The integrable projection operator 7^+ defines a foliation, i.e. a set of branes wliicli together fill the 
whole target space. We could restrict to one (or two) of these branes and call its (their total) worldvolume 
7. If we require the endpoints of the open string to lie on the submanifold 7, the boundary will always be 
a part of 7. Conditions (4.8) and (4.9) then only hold on 7. We will not follow this approach here and 
require these conditions on the whole of target space. 
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The latter, eq. (4.12), are called A-type boundary conditions while the former, eq. (4.10) 
are B-type boundary conditions. In the above, we used the notation, = V^bV-\., 
J_+ = etc. Using the conditions involving J, it is quite trivial to show that J 

is indeed an almost complex structure under which the metric g is hermitian. However, 
the covariant constancy and integrability of J does not imply that J as given in eq. (4.10) 
or eq. (4.12) is covariantly constant or integrable. This imposes further conditions on the 
allowed boundary conditions, geometry and torsion ! 

In the case there is no torsion, T = 0, we find from eqs. (4.4) and (4.6) that the 
geometry is Kahler. Without further conditions on the geometry, there can be only one 
independent Kahler form so that J = J with either B-type or A-type boundary conditions. 
For the B-type boundary conditions, eq. (4.10), one finds the well known results, 

[J,7^] = [J,6++]=0. (4.13) 

This implies that the D-brane worldvolume is a Kahler submanifold with Kahler form Jj^j^ 
and that 6 is a (l,l)-form with respect to J++. Turning to A-type boundary conditions, 
eq. (4.12), one gets, 

6++J++5++ = J++, J__ = 6++J+- = = 0. (4.14) 

The latter implies the existence of a second almost complex structure J, 

J = 6++J++ + J+_ + J_+, (4.15) 

which is integrable in the case of a space filling brane. The following relation exists between 
the dimension of the brane and the rank of 6, 

dim(brane) = —(£) + rank(6)) . (4.16) 

In the special case 6 = 0, also J++ = and the brane worldvolume becomes a lagrangian 
submanifold. For a more detailed treatment we refer to [23], [24] and [18]. 

Concluding, we find that a second supersymmetry is allowed provided two almost 
complex structures, J and J, exist which are separately integrable and covariantly constant, 
albeit with two different connections. Till this point, this is exactly equal to the situation 
without boundaries. However when boundaries are present, it turns out that one of the two 
complex structures can be expressed in the other one and the remainder of the geometric 
data. 

4.2 Generalized boundary conditions 

Having at our disposal J and J, we can generalize eq. (3.12) to, 

^ (e"-^)\(iZ)X^ + ^''), 

^» = r/ {e^^^Y b{iDX^ - ^^), (4.17) 

where a is an arbitrary angle. This amounts to applying an R-rotation to the original -0+ 
and Using eqs. (4.4) and (4.6), one can show that both possibilities are symmetries of 
the bulk action. However, only one of them survives on the boundary. 
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For A-type boundary conditions eq. (4.17) with the minus sign leaves the boundary ac- 
tion invariant while taking the plus sign leads to a new model, with the boundary condition, 
(3.27), replaced by, 

i + 0++ 
i + 0++ 

where we used eq. (4.12). For the B-type boundary conditions it's the other way around, 
eq. (4.17) with the plus sign leaves the boundary action invariant while taking the minus 
sign leads to a new model, with the boundary condition, (3.27), replaced by, 

l + b++ 
i + 0++ 

where we used eq. (4.10). 
4.3 N = 2 superspace 

The fact that the supersymnictry algebra, cqs. (4.2) and (4.3), closes off-shell, hints towards 
the existence of an iV = 2 superspace formulation without the need of introducing further 
auxiliary fields. However, the structure of eqs. (4.2) and (4.3) shows that the constraints 
on the N = 2 superfields will be generically non-linear. As we will limit ourselves to linear 
constraints, we will need to "improve" the transformation rules with terms which vanish on- 
shell as in eqs. (C.IO) and (C.ll). However, as is clear from the discussion in appendix C, 
off-shell closure is then only achieved when J and J commute, thereby imposing important 
restrictions on the geometry. 

We denote the fermionic coordinates of iV = 2 superspace by 9 and 9. We introduce 
the fermionic derivatives D and D which satisfy, 

{D, D} = -idr, L>2 = Z)2 = 0. (4.20) 

We now want to introduce superfields, which upon integrating out the extra fermionic 
coordinate, reduces to the fields introduced in section 3.1. Wc will restrict ourselves to the 
simplest case where only linear constraints are used. In order to achieve this we introduce 
the = 1 derivative D (it corresponds to the D in the previous sections) and the "extra" 
derivative D, 

D^l{D + D), D='-{D-D), (4.21) 

which satisfy, 

= D^ = -^dr, {D, D} = 0. (4.22) 
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We introduce the N = 2 superfields X"" and When passing from = 2 to = 1 
superspace, we do not want to introduce extra auxihary degrees of freedom. In order to 
achieve this, the £'-derivatives of the fields should satisfy constraints. The most general 
linear constraints one can write down are, 

I)^r» = C^bD^^ + ClbX^ + C^bX^', (4.23) 

where Cj, j G {1, • ■ • , 5} are constant. Eq. (4.22) implies integrability conditions, 

Cf = -l + 4iC2C4, C| = -1 + 4iC4C2, 
C2C5 = C5C2 = 0, 

CiC2=C2C3, C3C5=C5Ci, C3C4=C4Ci. (4.24) 

These integrability conditions allow one to solve the constraints, eq. (4.23), in terms of 
an unconstrained, fermionic, dimension -1/2 superfield A, and an unconstrained, bosonic, 
dimension superfield Y, 

X = {b- Cib)A + C2Y, 

^ = {b- Czb)Y + C4A + C5A'. (4.25) 

Motivated by the results in appendix C, we propose the following parameterization for the 
tensors Cj, j G {1, • • • 5}, 

Ci = \{J + J). C2 = -'-{J-J), C3 = ^{J + J + K), 

C4 = -^{J-J), C5 = -l{2J + 2J + K), (4.26) 

where = = — 1. In order that eq. (4.24) is satisfied, one needs 

K'^ = -{J + J,K}, 2[J,J\ = K{J -J) = {J -J)K. (4.27) 
This has two obvious solutions: 

K = -2{J + J), (4.28) 

or 

is: = and [J, J] = 0. (4.29) 

Taking the first possibility, eq. (4.28), in eq. (4.23), one sees, upon passing to N = 

1 superspace, that this would correspond to a linearized version of the supersymmetry 
transformations in eqs. (4.2) and (4.3). Hence, this would only cover the trivial case of a 
flat target space. 
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So if we want to stick to linear constraints we read from eqs. (C.IO) and (C.ll) that 
we need to opt for eq. (4.29)! In that case, the two commuting integrable structures J and 
J are simultaneously diagonalizable. We choose complex coordinates so that, 

= = r-p = r-p = -i5"-p, a,/3e{l,---m}, 

J^ = -J^ = z<5^, J~^^ = -P^ = -i5~^^, /i,i/e{l,---n}, (4.30) 

and all other components vanishing. In these coordinates, where we denote the bosonic 
superfield now by Z, eq. (4.23) with eq. (4.26) takes the form, 

= +i bZ'^, DZ^ = -i bz'^, 

= - L>*° = -iL>*" + ae{l,---m}, (4.31) 

or equivalently, 

DZ"" = DZ^ = 0, ZJ^-" = ^Z°", D^'^ = iz"', (4.32) 

and 

bZ^' = +'^'', bZf^ = -^'^, L)^^ = -lz'*, b^P = +^Zf^, fie {!,■■■ n} (4.33) 

Eqs. (4.31) and (4.33) are the boundary analogs of the two-dimensional chiral and twisted 
chiral superfields respectively. 

We will only consider the case where only one type of superfields is present. Contrary 
to the case without boundaries, this yields two different cases. Having only chiral (twisted 
chiral) superfields results in a Kahler geometry with B(A)-type supcrsymmetry. Taking 
exclusively chiral superfields (n = 0), we introduce two potentials K{Z,Z) and V{Z,Z) 
and the action, 

J (fa(feK{Z, Z)^^-p (^-2iDZ"DZ^ - Si^-"*^) + J drcfe V{Z, Z). (4.34) 
Passing to A'' = 1 superspace one gets the action eq. (3.14) with, 

9al3 = = 0> bal3 = = 0. (4.35) 

Solving the constraints in terms of unconstrained superfields A and Y, 

and varying the action with respect to the unconstrained superfields, we get the boundary 
term, 

j drSe (5A" (-4iK + Va^Dz'^) + SA^ (aiK^p^^ + Vo^pDZ^) ) . (4.37) 
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The boundary term vanishes provided we introduce an almost product structure TZ which 
satisfies, 

7^«^ = n'^p = 0, 

7^„^ = g^^TV-p = n-p, = gp^n\. (4.38) 

Using the ahiiost product structure to construct projection operators 7-"+ and V-, we find 
that the boundary term in the variation indeed vanishes if we impose, 

V%SA'^ = r^ySA^ = 0, 




(4.39) 



Demanding compatibihty of the first two equations with V^pSZl^ = V?!.^SZl^ = requires, 

VU^i^l, = V%-s^,rl-pV%, = 0. (4.40) 

FinaUy from = V%pDZ'^ and = and hkewise from DZ^ = V^pDZ^ and D'^ = 0, 
we get, 

VX^saKpKi = nis,^i^U = 0- (4.41) 

The conditions obtained here are completely equivalent to those in eqs. (2.16-2.18) and 
(4.10) for a Kahler geometry. 

We now briefly turn to the case where we take exclusively twisted chiral superfields 
(m = 0). The action, 

S = J cPacPe (-m^^v'^^'DZ^ + m^ji^-^^'DZ'' + 2K^f,Z^'' - 2K^fiZP''^ , (4.42) 

correctly reproduces the bulk theory, however it does not give the right boundary terms. 
In other words, the N = 2 superspace description of type A boundary conditions remains 
unknown. 

5 . Conclusions / discussion 

In this paper we studied d = 2 non-linear a- models in the presence of boundaries. In the 
absence of supersymmetry, we found that the boundary conditions require the existence 
of an almost product structure TZ compatible with the metric and such that the projector 
V+ = (1 + TZ)/2 is integrable. Supersymmetrizing the model yields no further conditions. 
We obtained a manifest = 1 supersymmetric formulation of the model. Whether or not 
torsion is present does not essentially alter the discussion. 

Crucial in this was M., eq. (3.27) (see also eq. (4.11)) which relates the left movers to 
the right movers. In the case of constant magnetic background fields it was for the first 
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time written down in [25] . In terms of formal power series we can rewrite it in the following 
form, 



which suggests that M. in the spinor representation would allow for the analysis of BPS 
configurations in non-trivial Kalb-Ramond backgrounds along the lines followed in [26] and 



Further restrictions are found when requiring more supersymmctry. Indeed, the exis- 
tence of a second supersymmctry demands the presence of two complex structures J and 
J both covariantly constant and such that the metric is hermitian with respect to both of 
them. Furthermore, one of the two should be expressed in terms of the other one, the met- 
ric, the Kalb-Ramond field and the almost product structure. Just as for the case without 
boundaries, no general manifest N = 2 supersymmetric description, involving only linear 
superfield constraints, can be given. However, we showed that at least the type B Kahler 
models can be adequately described in = 2 superspace. It would be quite interesting to 
further investigate the N = 2 superspace geometry, in particular for the A-type boundary 
conditions in the presence of non-trivial U{1) backgrounds. 

An important application of the present paper would be the following. A crucial 
ingredient in the study of D-brane dynamics is its effective action. While quite a lot is 
known about the effective action in the abelian case, at least in the limit of constant 
field strengths, only partial results are known for the non-abelian case. In [28] (see also 
[29]), the effective action was obtained through fourth order in o/. This analysis showed 
that derivative terms play an essential role in the non-abelian effective action and cannot 
be neglected. The complexity of the results in [28] makes one wonder whether a closed 
expression to all order in a' might ever be obtainable. If such a closed expression exists, 
one should by taking the abelian limit, obtain a closed expression for the abelian effective 
action including all derivative correctionsl So before tackling the full non-abelian problem, 
it looks more reasonable to first study the abelian case. Partial results, using various 
methods, were obtained in [30]. A powerful way to obtain the effective action passes over 
the calculation of the /3-functions [31]. While all calculations till now have been done in 
x-space, the results of the preceding section would allow a superspace calculation. The 
starting point would be the action. 



with the chiral superfields defined in eq. (4.32). Taking Neumann boundary conditions 

in all directions and making a background field expansion, would allow for a systematic 
analysis of the /3-functions directly in superspace. The simplicity of eq. (5.2) indicates that 
a systematic study of the derivative correction to the effective action might be possible. 



M = 




(5.1) 



[27]. 




(5.2) 
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A. Some conventions and notations 

We denote the worldsheet coordinates by r and a and the light-cone coordinates are, 

a+=r + (7, o= = T-G => d^=^{dr + da), 8= = ^{Or - 8^). (A.l) 

The target-space coordinates are denoted by X", a G {1, • • • D}. The target space data 
is encoded in the metric gab{X) = gba{^) ^'^d the Kalb-Ramond field bab{X) = —bi,a{X). 
The torsion is given by the curl of the Kalb-Ramond field, 

3 

Tabc = --^b[ab,c]- (A.2) 

We introduce two connections, 

^ihbc = Vbc} ± T\,, (A.3) 

where the first term is the standard Christoffel connection. The connections are used to 
define covariant derivatives, 

vWH = a„H-r(^)fe„K. (A.4) 

The curvature tensors are defined as, 

[Vi±^ Vl^)]y^ = Iv^R^^^,^, ± T'^abV^^^V^, (A.5) 

and we get explicitly, 

^{±)bcd = ^{'±)bd,c + ^ {'±)ec^ {±)bd - C<r^ d, 

^IS. = rlSc + ^^^l^(l)bc - c^d. (A.6) 

The curvature tensors -R^^^d ^"-^ anti-symmetric in the first and the last two indices, and 
they also satisfy, 

^abcd = ^cdab- (A-'^) 
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B. The N = (1,1) non-linecir cr-model 

Besides the target-space coordinates X" which are worldsheet scalars, we also have real 
worldsheet fcrmions tp'^ and ip'^, which are target-space vectors. Including the auxiliary 
fields F", the d = 2, A'" = (1, 1) supersymmetry transformations are given by, 

= -ie+d^^l + ie-d=iljl. (B.l) 
The d = 2 non-linear fi-model is lagrangian is given by, 

C = 2{gab + bab)d^X''d=X'' + 2i g^b r+^^^^i + 2^ 9ab V'^ V^'V^ 

When there are no boundaries, one can show that the lagrangian eq. (B.2) is invariant 
under the supersymmetry transformations eq. (B.l) without any further conditions. 



C. "Deriving" the boundeiry superspace N — 1 action from the bulk action 

The well-known superspace N = (1, 1) bulk action reads. 



'bulk 



/ 



drdaD+D 



{gab + bab)D+^''D_^' 



(C.l) 



where 



~id-L, = —id= and {D^,D-} = 0. Working out the superspace deriva- 
tives, one finds (B.2). This action is however not supersymmetric on the boundary. We 
change coordinates to 



e = e+ + i 
e = 9+ -i 



(C.2) 



where = D = — |^ and, importantly {D,D} = — Consider the following 

"improved" action: 



-4 J drdaDD 
-4 f dTdadOD 



{gab + bab)D+^-D^^' 

(gab + bab)D+^''D_^' 



(C.3) 



This is explicitly supersymmetric on the boundary and, using D^D^ = —2DD — 
modulo boundary terms equivalent to (C.l). Moreover, identifying 



(C.4) 
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and working out the D derivative, one finds the model (3. 2), (3. 8), (3. 9) and (3.13). 

Another possibiUty is the action (C.3) with D and D interchanged. Using (C.4) in 
(3.12), 

iPl = z(r>$" + £»$''), 

^« = ir?(r>$« - £>$«) , (C.5) 

one sees that this is equivalent to putting rj — > —ij. 

Of course, the argument in the preceding paragraphs does not replace the exhaustive 
analysis of section 3.1, because it is not a priori clear that the most general boundary model 
could be written in the form (C.3). In fact, this procedure docs not work when one tries to 
derive c-models in = 2 boundary superspace from the N = (2, 2) supcrspacc c-models. 

We proceed to derive the second supersymmetry from the form of this symmetry in 
the bulk, 

6^"" = i+rbD+^^ + i_rbD_^^ . (c.e) 

Since only one of these symmetries will survive on the boundary we put £+=£_ = ^i. 
Using (C.4) we find for the bottom and top components of (C.6), 

<5*" = £X(,"),(A)L>*'' + f/C(2V(^)^' + e/C(«),(X)X'^ 

e/:(^),,(X)*''*- + ££(«),^(X)^r^Z?X- + iC^^^,^iX)DX'DX'^ , (C.7) 

but now with, 

l^{l) = l{J+J), %) = -^(J+J), 
q3)bc = o> (c-8) 

while J and J are the same tensors as in section 4.1. There is however more freedom 
than in the bulk. In section 4.1 the most general susy transformation leaving the action 
invariant and for which the algebra closes off-shell, was considered. When requiring only 
on-shell closure one finds that one can add the following transformation to (C.7), 

J*" = iK^b Q^*'' - + ^K'^{dbc}'^^DX'' + ^^'^''Tdbc (^''^''^ + DX'^DX^^^ , 

(C.9) 

where K is an arbitrary antisymmetric tensor, ga{b^"'c) — 0- Note that K multiplies the 
dimension- 1 equation of motion, so that this transformation vanishes on-shell. So the most 
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general susy transformation looks like, 

S^- = elC^t),{X)D^' + ilCf^%,{X)X' + eX(f),(X)x'^ 

+ e£(^),,(X)^^*^ + f£(2"),,(X)*''Z?X^ + eC^l^,^{X)DX^DX-, (C.IO) 

with, 

J{i) = \{J + J), iJ{2) = -4/C(2) = \{J - J) , 
lC^i) = \{J + J + K), /C(3) = -^(2J + 2J + i^), 

-^(1)60 = -\ (5[6^"c] + ^[f^"c]) + {a'^ nee , 

^{2)bc = I (^"•^"'^ + ^^"^"^ ~ 'S"" K'd {ehc}) , 

C%^,, = \g'^K%n,,. (C.ll) 

The algebra closes off-shell if and only if, 

• ([J, J] =Oandii: = 0) or 

m K = -2J-2J. 
The latter leads to eq. (4.2) with eq. (4.3). 
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